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Recently developed parity (P) and time-reversal (T ) symmetric non-Hermitian quantum theory is envisioned
to have far-reaching implications in basic science and applications. It is known that the PT -inner product is
defined with respect to a non-canonical, system generated dynamical symmetry, namely the C symmetry. Here,
we show that the PT invariant equation of motion is defined by the simultaneous time evolution of the state
ψ(t) and the operator C(t) to manifest unitarity. The dynamical C operator lends itself into a new term in
the Berry phase. The PT symmetric theory is not generally applicable for spin-1/2 fermions, since here PT
inner product becomes undefined due to Kramer’s theory. We consider a spin-1/2 non-Hermitian setup which
acquires the combined (PT )2 = +1 symmetry, despite T 2 = −1 and P2 = +1. The Hamiltonian inherits a
non-Abelian adiabatic transporter and topological degeneracy via the combined evolution of the state as well as
the C operator. The putative dynamical C symmetry can be a novel springboard for many other exotic quantum
and topological phases.
I. INTRODUCTION
Topological phases in non-Hermitian (NH) Hamiltoni-
ans without and with real energy have been widely ex-
plored in recent years.[1] Owing to complex energy spec-
trum and biorthogonal probability density, one may ex-
pect a plethora of distinct topological invariants in NH sys-
tems which may or may not have any direct analogue with
their Hermitian counterparts.[2] Such studies can become
more interesting in NH systems which posses real eigenen-
ergies and conserved probability density with the help of
pseudo-Hermitian metric,[3] and/or parity (P) - time rever-
sal (T ) symmetry invariance.[4] PT -symmetric Hamiltoni-
ans have recently been realized in various setups (see review
articles[5, 6]) including cold atom systems,[7–9] in optome-
chanical systems,[10, 11] phononics,[12, 13] plasmonics,[14,
15] excitonics[16], photonics,[17–21] metamaterials,[22–24]
and others[9, 25]. In fact, there have been several experi-
mental evidence of Abelian topological phases and edge states
in PT symmetric NH systems,[11, 19–21] and also in other
generic NH systems.[26–28]
Another motivation of the present work is to extend the
PT symmetric quantum theory to spinful fermionic systems.
Realization of PT invariant quantum theory in spinful NH
Hamiltonians is challenging, because, the PT -invariant quan-
tum theory is generally defined for (PT )2 = 1, in which case
the Hamiltonian and PT operator share the same eigenfunc-
tions. For spinful systems, this is generally a problem since
here T 2 = −1, making the PT -inner product to vanish for all
eigenstates (Kramer’s degeneracy).
Our work presents several novel features.
1. While PT symmetry solely can guarantee real eigen-
values, the PT -inner product is not always positive,
definite, and, moreover, unitary.[4] This is remedied by
the existence of a hidden, non-canonical symmetry, of-
ten termed as C symmetry, such that the CPT -inner
product is positive definite.[4] Intriguingly, we show
that the conservation of the probability density is de-
fined by the simultaneous time-evolution of the state
ψ(t) and the C(t) operator. This situation is reminis-
cence of the Dirac/interaction picture, except here phys-
ical operators are not necessarily time-dependent.
2. We find that adiabatic time evolution of both ψ(t), C(t)
conspires a new term to the Berry phase. It is also found
that the U(N) gauge invariance and co-variance of the
Berry phase and Berry connection, respectively, are de-
fined with respect to a CPT invariant gauge transfor-
mation, replacing the usual unitary transformation for
the Hermitian counterparts.
3. To incorporate spinful Hamiltonians, we consider a
setup with coupled quantum wires with opposite NH
spin-orbit coupling (SOC) in adjacent layers. The setup
is designed to possess ‘parity’ P via spin and sublat-
tice inversions, such that P and T anticommutes with
each other, giving (PT )2 = +1, despite P2 = +1,
and T 2 = −1. The system possesses real eigenvalues,
and conserved CPT inner product under a dynamical C
operator.
4. Under the CPT invariance, the system possess degen-
eracy which intrinsically governs a Berry connection,
and winding number in a periodic boundary condition.
We find that there are two distinct adiabatic transporters
for the same Berry connection, which anti-commute
with each other (non-Abelian), and hence gives two fold
topological degeneracy.
5. Finally, we show that the edge state of the non-trivial
topological phase has harmonic oscillator like solutions
at low-energy, with complex but quantized eigenval-
ues and localized Gaussian wavepackets. On the other
hand, owing to PT invariance in the bulk, both en-
ergy and momentum are real (conserved) in the bulk,
and hence the bulk states remain delocalized - implying
the absence of ‘skin-effect’ discussed in many other NH
topological systems.[35–40]
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2II. DYNAMICS OF CPT - THEORY
We start with a derivation of the Berry phase in the CPT -
invariant quantum Hamiltonian. It is shown that the time-
evolution of the eigenstates of the PT -invariant Hamilto-
nian is governed by a different ‘Hamiltonian’ in which the
time-dependence of the C-operator enters into it. The time-
evolution of the C-operator also contributes a new term to the
Berry phase formula, giving a novel contribution to the topo-
logical phenomena.
A. Time-dependent Schro¨dinger equation
Let H be a generic PT - invariant Hamiltonian defined as
H = (PT )HT (PT )−1, where T is the transpose operation.
The following discussions hold for this generic requirement,
however, as often done, we specialize henceforth to the sym-
metric (HT = H) Hamiltonians. This implies that the specific
PT -invariance is defined by the commutator [H,PT ] = 0.[4]
The Hamiltonian follows the eigenvalue equation:
H|ψn〉 = En|ψn〉, (1)
where eigenvalues En are real due to PT invariance. An es-
sential generic issue of the PT -invariant quantum theory is
that the PT -inner product is not a constant of motion, and
hence there exists a dynamical, and non-canonical symmetry
C which evolves in time in such a way that the CPT - inner
product becomes conserved. The C operator follows [H, C] =
0, and [PT , C] = 0, with the CPT -inner product defined as
〈ψCPTm |ψn〉 ≡ 〈ψm|CPT |ψn〉 =
∫
ddx(CPT ψm)Tψn =
δmn.
For a Hermitian case, the time evolution of the state is
solely governed by the Hamiltonian itself. This is not gen-
erally true for NH systems. To see that, let Q be a linear time
evolution operator for the eigenstates satisfying
i~|ψ˙(t)〉 = Q(t)|ψ(t)〉, (2)
Dot denotes time-derivative. The physical constraint to keep
in mind is that the CPT -inner product of the system is a con-
stant of motion, i.e., ∂t〈ψm|CPT |ψn〉 = 0 for all n and m
eigenstates. This constraint dictates that 〈ψm|C˙PT |ψn〉 =
−〈ψ˙m|CPT |ψn〉 − 〈ψm|CPT |ψ˙n〉. Using Eqs. (2) we obtain
the equation of motion of the C-operator as
i~ C˙PT = [Q, CPT ] . (3)
(Eq. (3) can be equivalently written as i~C˙ = [QC − CQPT ]
where QPT = (PT )Q(PT )−1 is understood to be PT con-
jugate.) This is the equivalent of the Heisenberg representa-
tion of the time-evolution of the C-operator.
Here, we can infer two properties of theQ operator. Firstly,
Eq. (3) implies that unlike the Hamiltonian itself, Q is not,
in general, CPT -invariant; otherwise C becomes a constant
of motion. Secondly, in the above derivation we have used
the symmetry property that QT = Q (where T is the trans-
pose), which is in accord with the symmetric Hamiltonian as-
sumed here. (Otherwise, the derivation can also be proceeded
with keeping the transpose operator in the PT conjugation
throughout the derivation below.)
For a generic Q matrix, it can be expressed as a sum of a
CPT -symmetric matrix (say, S), and a CPT -antisymmetric
matrix (say, A): Q = S + A, where [S, CPT ] = 0, &
{A, CPT } = 0. Since either S or A can be chosen arbi-
trarily, without loosing generality, we set S ≡ H for any
CPT -symmetric Hamiltonian. Then A can be determined
easily. Notice that for A to be antisymmetric with CPT , it
should follow either (i) [A,PT ] = 0 and {A, C} = 0, or (ii)
{A,PT } = 0 and [A, C] = 0. In both cases, we get from
Eq. (3) that A = i~2 C−1C˙. Equating for the Q operator to be
Q = H + i~
2
C−1C˙, (4)
we obtain the equation of motion of the eigenstates as
i~|ψ˙n〉 =
(
H +
i~
2
C−1C˙
)
|ψn〉. (5)
Eq. (5) reveals an interesting feature of the CPT -invariant
quantum systems. While H is the PT -invariant Hamilto-
nian satisfies the instantaneous eigenvalue equation Eq. (1), it
does not entirely describe the time-evolution of its eigenstates.
Rather, the time-dependent Schro¨dinger equation is described
by another ‘Hamiltonian’ Q(t).
We emphasize that the PT -invariant Hamiltonian H , and
the C operator need not be explicitly time-dependent. Either
of them or both may have implicit time-dependence such as
C˙ = ∂µC dxµdt , where µ stands for spatial coordinates, xµ(t) is
the world line (in real/momentum space as appropriate). The
same for the Hamiltonian. The main point is that the Hamilto-
nian satisfies the instantaneous eigenvalue equation in Eq. (1)
within the adiabatic limit for the above theory to apply. The
explicit parameter dependence of the C-operator is also ob-
tained in the PT invariant quantum theory.[4, 43]
1. An example
To demonstrate the important role of the C operator for the
time-evolution of the state, we consider a dissipative Floquet
system of ultracold atoms, where the PT symmetry breaking
is experimentally verified.[9] The system is a Fermi gas of
6Li atoms at the two lowest 2S1/2 hyperfine levels, labeled
as | ↑〉 and | ↓〉. The two spin states are coupled by a radio-
frequency field with a coupling constant J . A resonant optical
beam is coupled to one of the | ↓〉 state only, which introduces
an imbalance between the two states at a rate of Γ(t). The
Hamiltonian for this dissipative two-spin system is given by
H(t) =
(
0 J
J −iΓ(t)
)
. (6)
This Hamiltonian is not PT symmetric. However, we can de-
compose the Hamiltonian into an PT symmetric partHPT =
Jσx +
i
2Γ(t)σz ,[9] and an PT anti-symmetric part HAPT =
− i2Γ(t)σ0 part, where σi are the 2× 2 Pauli matrices, and σ0
3is the unit matrix. Indeed, in the experiment in Ref. 9, the PT
symmetry breaking is observed in theHPT part of the Hamil-
tonian, while the setup is prepared for the full Hamiltonian
H given in Eq. (6). We aim to prove that the Hilbert space
of HPT dynamically generates the C operators which follows
Eq. (5) such as i~2 C−1C˙ = HAPT .
The symmetry operators are P = σx, and T = K complex
conjugation. The eigenvalues of HPT are E± = ±E, where
E =
√
J2 − Γ2/4. The corresponding eigenvectors are
ψ+ =
1√
2EJ
(
E + iΓ/2
J
)
, ψ− =
i√
2EJ
(
E − iΓ/2
−J
)
.(7)
It is easy to check that 〈PT ψ±|ψ±〉 = ±1, and thus the
PT -invariant state is not normalizable. Hence we define
the C operator in the usual way[4] as C = |PT ψ+〉〈ψ+| +
|PT ψ−〉〈ψ−| which gives C = 1EH . So, we have Cψ± =±ψ±, and 〈CPT ψ±|ψ±〉 = 1. Substituting for C, we get
i~
2 C−1∂tC = HAPT which satisfies Eq. (5).
B. Non-Abelian Berry matrix in CPT - theory
Let the system adiabatically evolves in time such that the
Hamiltonian possess instantaneous eigenstates |ψn(t)〉 satis-
fying Eq. (1) at all time. For generality, we assume each
eigenstate is N -fold degenerate. (Since Berry phase does not
dependent on onsite energy, without loosing generality, we set
En = 0 for simplicity. It can be shown that the result remains
unchanged for En 6= 0 as long as it is real.) In the adiabatic
limit, the state |φn〉 can be expanded in terms of |ψn(t)〉 as:
|φn(t)〉 =
∑
m
|ψm(t)〉Γmn(t). (8)
m,n run over the N -degenerate states. Substituting
|φn(t)〉 in Eq. (2) with the time-evolution operator Q
given in Eq. (4), we obtain
∑
m
[
|ψ˙m〉Γmn + |ψm〉Γ˙mn
]
=
1
2C−1C˙
∑
m |ψm〉Γmn, where we have substituted H|ψn〉 =
0. Multiplying 〈CPT ψl| from left, and using the orthonormal
condition for the CPT inner product, we obtain
Γ˙ln = −
∑
m
[〈
ψl|CPT |ψ˙m
〉
− 1
2
〈
ψl|C˙PT |ψm
〉]
Γmn,
= i
∑
m
AlmΓmn, (9)
where the non-Abelian Berry gauge field is defined as
Alm = i
[〈
ψl|CPT |ψ˙m
〉
− 1
2
〈
ψl|C˙PT |ψm
〉]
. (10)
In the case when there is no explicit time-dependence in both
H and C, and their time-dependence is governed by the evolu-
tion in the momentum space, we obtain the Berry gauge field
as
Aµ,lm = i
[
〈ψl|CPT |∂µψm〉 − 1
2
〈ψl|(∂µC)PT |ψm〉
]
.
(11)
Here we have substituted O˙ = ∂µO dx
µ
dt for O any operator,
and, (symbolically) Adt = Aµdxµ with µ being space index.
Notice that the second term is a new contribution arising from
the adiabatic evolution of the dynamical operator C. Eq. (9)
can be written in a matrix multiplication format as Γ˙ = iAΓ
where Γ andA are matrices of dimension N ×N . Integration
of Eq. (9) yields the adiabatic transporter to be
Γ = Pei
∫ Aµdxµ = eiγ , (12)
where P represents path-ordered product, in general for non-
commutative Berry connections. γ gives the non-Abelian
Berry phase matrix whose components are defined by
γlm =
∫
Aµ,lmdxµ. (13)
Clearly, m = n gives the Abelian component. Correspond-
ingly, we can define the winding number matrix as wmn =
γmn/pi in odd dimensions, and the Chern matrix as the flux
of the corresponding Berry curvature in a periodic boundary
condition in even dimensions.
1. U (N ) gauge transformation and CPT co-variant derivative
Finally, we discuss the gauge invariance condition of the
CPT invariant systems. Let |ψ′n〉 be a different choice of
the eigenstate which is rotated by a U(N) gauge as: |ψ′n〉 =∑
m |ψm〉Umn. The corresponding CPT conjugate is defined
as 〈CPT ψ′n(t)| =
∑
m(U
T )CPTmn 〈CPT ψm(t)|. (Although
the transpose operator on U can be taken into account sim-
ply by shuffling the indicesmn to nm, however, we explicitly
retain the transpose symbol for easier derivation below. In
most cases U is a symmetric matrix, however, we can proceed
without such an assumption for generality.) Given that the
inner product must be invariant under a U(N) gauge transfor-
mation, i.e., 〈ψ′n|CPT |ψ′n〉 = 〈ψn|CPT |ψn〉, we obtain the
crucial property:
(UT )CPT U = I, (14)
where I is the N × N identity matrix.[41] Eq. (14) is the re-
placement of the unitary condition for U(N) in the Hermitian
case. If A′µ is the Berry connection in the new basis, then we
have theU(N) gauge co-variance defined by (in matrix form):
A′µ = (UT )CPT [Aµ + iI∂µ]U. (15)
All the observables (O), such as Berry curvature, Berry ro-
tation matrix Γ, transform under the CPT - invariant U(N)
gauge transformation as O′ = (UT )CPTOU .
III. THE SETUP
PT -symmetric systems are generated in various setups[5,
6] with balanced gain and loss. The present work is directed at
engineering PT -symmetric spinful fermionic systems. Thus
the materials search should be devoted to condensed matter
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FIG. 1. (a) Schematic diagram of a single wire with NH SOC iαk, in
which the hoppings between opposite spins along right and left direc-
tions are anti-Hermitian. A possible mechanism for such a NH SOC
is discussed in the main text. This gives splitting of the energy levels
in the imaginary plane as ξk±iαk with eigenstates as 1/
√
2(↑ ± ↓),
respectively. We call it right (R) wire. (b) The corresponding left (L)
wire (left eigenstates of the NH R wire) is defined by the complex
conjugate of the right wire in which the eigenvalues are ξk∓ iαk for
the same eigenstates. (c) The right and left wires are coupled with
spin dependent tunneling terms bk,↑/↓. (d) In this setup, although
the Hamiltonian is NH, but it obtains a unique PT -invariance which
guarantees real eigenvalues. The single band is split into two bands
by ξk±bk‖ where bk‖ (defined in the text) is real in thePT invariant
region.
systems and optical lattices of cold atoms. Recently, PT -
symmetric systems are successfully engineered in optically
induced atomic lattices.[7–9]
The following setup requires a key ingredient, i.e., a NH
SOC in a 1D chain of atoms. Hermitian SOC is already real-
ized in 1D optical lattices of cold atoms,[42] and we propose
the following feasible modification to transform it into a NH
SOC. In Ref. [42], a SOC is engineered in a neutral atomic
Bose-Einstein condensate with a pair of Raman lasers inter-
secting at 90o and detuned from Raman resonance. The cor-
responding Hamiltonian is written as (ignoring small Zeeman
coupling terms)
hk =
~2k2
2m
σ0 +
~2
m
κLkσx, (16)
where k, and κL are the wavevectors of the atoms and the
lasers, respectively. σx is the 2 × 2 Pauli matrix defined in
the spin basis of the atom, and σ0 is an unit matrix. All other
parameters have their usual meanings. First term gives the
dispersion of the electrons while the second term gives the
locking of spin with its momentum − the SOC − with the
SOC coupling constant proportional to κL.
In the setup of Ref. [42], if the lasers are subjected to gain
and/or loss following the mechanism done in, say, Refs. [7, 8],
the wavevector becomes purely imaginary κL → ±iκL.
Hence the second term − the SOC term − becomes anti-
Hermitian. There are also other mechanism of NH SOC in
the literature.[44, 45] We define SOC term as αk = ~
2
m κLk,
and the dispersion k = ~
2k2
2m , both being real,[46] we obtain
the desired NH Hamiltonian for a single 1D atomic wire as
hk = kσ0± iαkσx. Evidently, ± signs correspond to atomic
chains with balanced gain and loss, and they are complex con-
jugate to each other.
Each hk breaks PT symmetry, with complex eigenvalues
ξk,± = k ± iαk. The corresponding right eigenvectors are
|ψRk,±〉 = 1/
√
2(1,±1)T . The NH Hamiltonian hk also has
a corresponding left counterpart h†k, with left eigenvectors〈ψLk,±| = (ψRk,±)T , and left eigenvalues ξ∗k,±, as shown in
Fig. 1(b).
A. The Hamiltonian
To recover the PT -invariance, we propose to assemble two
SOC chains with balanced gain and loss (i.e. hk and h
†
k)
placed adjacent to each other such that a tunneling between
them becomes active, as shown in Fig. 1(c). The adjacent lay-
ers are coupled by quantum tunneling amplitude bkσ . The full
setup is thus defined in a four-component spinor ΨTk=(ψ
R
k↑,
ψRk↓, ψ
L
k↑, ψ
L
k↓) as
Hk =
(
hk Vk
V †k h
†
k
)
. (17)
where Vk = diag(bk↑, bk↓).
The eigenvalues of Eq. (17) are
E1,3 = ± (b− − b‖), E2,4 = ± (b− + b‖), (18)
where k-dependence is suppressed for simplicity. bk± =
1
2 (bk↑ ± bk↓) and bk‖ =
√
(bk+)2 − α2k. Since k and bk−
are always real, the PT - invariant region is simply defined
by the region where bk‖ is real, i.e., |bk+| > |αk|, as shown in
Fig. 2 (lower panel). The following calculations and presen-
tations become transparent in the complex polar coordinate
defined by bk+ = bk‖ cosh θk, and αk = bk‖ sinh θk. The
corresponding eigenvectors are
ψ1,3 =
1√
2

sinh θ2
±i cosh θ2
± sinh θ2
−i cosh θ2
 , ψ2,4 = 1√2

−i cosh θ2
± sinh θ2
∓i cosh θ2
− sinh θ2
 .(19)
(k dependence is implicit). Evidently, eigenvectors do not de-
pend on bk− and k, and hence play no role on the topology.
So, without loosing generality, one can set bk− = k. The
SOC is αk, and the hopping term bkσ are written in the tight-
binding form as
αk = α0 sin k, (20)
bkσ = b0σ + b1σ cos k, (21)
5where α0, and biσ are real parameters, and σ =↑ / ↓. We
choose b0σ = 1, b1σ = −0.25. We set b1↓ = 0 in Fig. 2(b) to
obtain the b− 6= 0 condition. α0 = 0.5 and 1.1 give PT un-
broken and broken regions, respectively. All parameter values
are given in arbitrary energy unit. In Fig. 2 (upper panel), we
plot the band dispersions for the four representative cases.
Bands E1,4 lie below the Fermi level, while E2,3 remain
above it. For bk− = 0, two valence bands and two con-
ductions bands are degenerate to each other at all k-points.
When bk− 6= 0, we find that the degeneracy is lifted at all
points except at two characteristic ±K points. We shall learn
below that this band inversion is responsible for topological
phase. Looking at the dispersions in Eq. (18), we can eas-
ily find that E1,4 bands do not overall when |b0↓/b0↑| > 1
and in such a case, the topology is lost, see Fig. 2(c). In all
cases, the energy spectrum exhibits particle-hole symmetry.
For α0 = 1.1 > b0+, the PT invariance is lost, and the en-
ergy spectrum acquires imaginary components, see Fig. 2(d).
B. Symmetry properties
Its now worthwhile delineating the symmetry properties
of the Hamiltonian. In a NH, PT -symmetric Hamiltonian,
(PT )2 = +1 is generally a requirement to ensure real eigen-
values. But for half-integer spin, we have T 2 = −1, and
P2 = +1, so that 〈ψn|PT |ψn〉 = 0 for all n states, and hence
the PT conjugate Hilbert space collapses. In our Hamilto-
nian, both coefficients iαk and bkσ break T symmetry; with
iαk is PT invariant, while bkσ is not (since bkσ is even under
spatial inversion). This implies that the P operator cannot be
a simple chiral inversion (i.e., R↔L), but must also involve
spin inversion and at the same time be unitary. Hence the to-
tal ‘parity’ operator is a combination of momentum and spin
inversions: P = τ0 ⊗ σx, with P2 = +1. (τi are Pauli ma-
trices defined in the chiral basis with τ0 is unit matrix.) The
TR operator consists of momentum inversion and spin flips:
T = iτ0 ⊗ σyK, with T 2 = −1 and K is the complex conju-
gation operator. Since {T ,P} = 0, we achieve (PT )2 = +1.
For this PT -operator, the PT inner product of the eigen-
states of Eq. (19) gives 〈ψm|PT |ψn〉 = (−1)nδmn. There-
fore, to achieve positive, definite inner product, we define a C
operator as C = ∑n |ψn〉〈PT ψn|, which gives
Ck = (τ0 ⊗ σz) cosh θk + i(τy ⊗ σy) sinh θk. (22)
This gives 〈ψm|CkPT |ψn〉 = δmn, in which the k depen-
dence of the Ck operator plays a crucial role.
Finally, we find that the Hamiltonian in Eq. (17) has both
the charge conjugation Υ and chiral Ξ symmetries. We find
that Υ = τz ⊗ σ0K, and Ξ = ΥPT . Under these sym-
metries the Hamiltonian transforms as ΥHkΥ−1 = −H−k,
and ΞHkΞ−1 = −Hk. Both symmetries give particle-hole
symmetric spectrum ±En (n is the band index). In our case,
such a condition is satisfied if the Hamiltonian is traceless, i.e.
k = 0 at all k-points.
IV. TOPOLOGICAL PROPERTIES
A. Non-Abelian topology
There exist some intriguing relationships between the odd
and even eigenstates of Eq. (19). (i) We have ∂kψ1,3 =
i∂kθk2 ψ2,4, and vice versa. (ii) Furthermore, ψ1,3 and ψ2,4
are related to each other by a rotation of pi/2 and a phase of
pi/2. These redundancies suggest that there exists an inherent
ground state degeneracy in this system. These two conditions
guarantee the existence of a robust non-Abelian Berry phase
between ψ1 ↔ ψ2, and ψ3 ↔ ψ4 under adiabatic evolution
of the state. Furthermore, with a periodic boundary condition,
the corresponding winding numbers are quantized.
The Berry connection from Eq. (11) has two terms.
The adiabatic evolution of the eigenstate yields the first
term: AImn = i〈ψm|CkPT |∂kψn〉 = −∂kθk2 (τ0 ⊗ σx)mn.
The same evolution of the Ck operator gives AIImn =
− i2 〈ψm|(∂kCk)PT |ψn〉 = AImn. Hence the total Berry con-
nection (matrix) is
A = −∂kθk(τ0 ⊗ σx). (23)
Clearly, the Berry connection is purely non-Abelian (off-
diagonal), and does not have any Abelian (diagonal) compo-
nent. It is interesting to note that with a rotation by U =
τ0 ⊗ σy , A can be brought to a diagonal form, however the
corresponding states U |ψn〉 are no longer the eigenstates of
the Hamiltonian. Therefore, within the adiabatic limit,A can-
not be diagonalized. While the A matrices at two different k
points apparently commute, but they correspond to two degen-
erate (adiabatic) parallel transporters or the Wilson lines with
different base points. Moreover, the two adiabatic transporters
anti-commute with each other, and hence give a topological
degeneracy (see below).
The corresponding Berry matrix is γ = (τ0⊗σx) 12
∮
∂kθk.
Clearly, the Berry phase is defined by the winding num-
ber of the phase θk in the αk vs. bk+ plane (recall θk =
tanh−1(αk/bk+). For an adiabatic path from k = −pi to pi
in the Brillouin zone, there are two inequivalent, non-trivial
closed contours (S1 space) for θk in the αk vs. bk+ plane:
one in the bk+ > 0 region and rotates clockwise, and another
in the bk+ < 0 region with counter-clockwise rotation (red
line in the lower panel in Fig. 2). The two closed contours
encircle different centers (±bK+, 0), respectively, where K is
the band inversion point [shown in Fig. 2(b) by green arrow].
As long as the centers are enclosed within the contour, the
contours are not simply connected (non-trivial), and belong to
the homotopy group of pi1(S1). The winding number of each
contour is associated with the Z group, and the Berry phase
is obtained to be ±npi for the two contours, where n ∈ Z
is the winding number. One can move the centers out of the
contours by tuning, say, b1↑ 6= b1↓ and so on, which marks a
topological phase transition.
Note that the energy dispersions are insensitive to the sign
of bk+, while the eigenvectors differ by a phase of pi for
±|bk+|. Therefore, there is an inherent two-fold topologi-
cal degeneracy in the non-trivial phase. The windings in the
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FIG. 2. (a-d) Band structure plots for four different representative cases: (a-c) for PT -invariant and (d) for PT - broken phase (|bk,+| < |αk|).
(a),(b),(d) are in the topological phase while (c) gives a trivial phase. (a) For bk↑ = bk↓, both valence and conduction band energies are real,
and degenerate at all k-points. (b) For bk↑ 6= bk↓, both bands are split at all k-points except at two characteristic K - point where the band
inversion occurs (vertical green arrow). (c) A topologically trivial phase where the two valence bands do not cross at any k-point. (d) For
|bk+| < |αk|, the PT symmetry is broken, and bands become complex. (e-h) We plot bk+ vs. αk for k = −pi to pi. This exhibit how θk
evolves in an adiabatic cycle for the corresponding upper panel. The green dots denote the center points (±bK+, 0) encircled by the contours,
and the arrow on the contour dictates the sense of rotation for k = −pi to pi. (i) Topological phase diagram as a function of b↑ and α0. Here
b↑ = b0↑ + b1↑ for b↓ = 1 at k = 0. The gray region depicts the PT broken region, while the white region gives the PT -unbroken region.
The red vertical line at 0 < b↑ < 1 is the topological region, where the two valence bands cross each other. ‘a’, ‘b’, ‘c’, and ‘d’ denote the
four-points where the band dispersions are drawn in (a-d), respectively.
two contours are clockwise and counter-clockwise, respec-
tively, which is consistent with corresponding opposite Berry
phases. Since the non-trivial Berry phase is arbitrary with
respect to 2pi, so both contours belong to the same topolog-
ical class. However, important difference arises in the cor-
responding adiabatic transporters Γ± (see Eq. (12)) for the
centers (±bK+, 0), respectively, for the clockwise and anti-
clockwise rotations. Since they encompass two different cen-
ters, and hence are not homeomorphic. The two contours are
connected by a translation between the centers, and differ by a
phase of pi. Hence the two parallel transporters anti-commute:
Γ+Γ− = −Γ−Γ+. This is the origin of the non-Abelian
topology in this system.
In Fig. 2, we examine the topological phases at four repre-
sentative cases. For bk− = 0, in Fig. 2(a)(e), the two va-
lence bands (and two conduction bands) are degenerate at all
k-points. However, the band inversion occurs only at K = ±
and equivalent. (Note that a band inversion occurs where
two ‘orbital/spin’ species are exchanged in a given eigenstate,
which gives the Berry phase,[1]. This is the reason, the Berry
phase is also sometimes interpreted as a statistical phase).
Therefore, despite the band degeneracy at all k-points, the
band inversion occurs only once, and the corresponding wind-
ing number is ±1 in an adiabatic phase in the Brillouin zone.
In Fig. 2(b)(f), we show a case for b− 6= 0, where the band de-
generacy is lifted except at the band inversion points (marked
by green arrow). In the corresponding contour in the bk+ vs.
αk plane, the center (bK+, 0) lies inside the contour. Hence
the Berry phase remains ±pi. A topological phase transition
would corresponds to a full gapping between the two valence
bands, which occurs when |bk−| > |bk||| in Eq. (18). This
case is shown in Fig. 2(c)(g), where the band inversion points
(bK+, 0) moves outside the contour. Finally, we illustrate a
case where the PT symmetry is broken, and the contour ex-
tends to the PT -broken region in the αk vs bk+ plane, see
Fig. 2(h). Here the Berry phase is finite, but complex.[1]
B. Boundary states
The bulk-boundary correspondence for the PT -symmetric
NH topological insulator is not as concrete as in the Hermitian
case.[1, 47] This is because even when the PT -symmetry is
intact in the bulk, this symmetry may be lost at the boundary
for the same parameter region. In our model, the PT sym-
metry is broken at the boundary giving complex energy, while
the bulk states remain extended.
For the discussion of the boundary state, a suitable choice
7of basis is:
φk± =
1
2
(
ψRk↑ + iψ
R
k↓
)± 1
2
(
ψLk↑ − iψLk↓
)
,
χk± =
1
2
(
iψRk↑ + ψ
R
k↓
)± 1
2
(
iψLk↑ − ψLk↓
)
. (24)
The rotated Hamiltonian in this basis acquires a simpler block
diagonal form with two degenerate blocks for bk− = 0 (recall
that bk− does not contribute to the eigenstates, and hence the
topology remains intact). Hence we can seek solutions of each
2× 2 Block Hamiltonian which follows
i
(
0 bk+ + αk
−bk+ + αk 0
)(
φk
χk
)
= Ek
(
φk
χk
)
. (25)
(We drop the subscript ± in the states for simplicity.) We
solve Eq. (25) with an open boundary condition for edge state
solutions in two ways. In the first part, we assume the long-
wavelength limit where analytical solutions are achievable.
We subsequently perform a full numerical simulation for a
finite lattice to affirm the analytical results.
1. Continuum model
In the long-wavelength limit, the SOC term gives αk →
iα0∂/∂x (we set ~ = 1) and bk+ gives the domain wall po-
tential as b0x (α0 and b0 are real constants). By decoupling
the solutions for φ(x) and χ(x) we obtain:(
α20
∂2
∂x2
+ b20x
2
)
φ(x) =
(
E2 + iα0b0
)
φ(x), (26)(
α20
∂2
∂x2
+ b20x
2
)
χ(x) =
(
E2 − iα0b0
)
χ(x). (27)
Each equation above corresponds to quantum harmonic oscil-
lator with complex energy spectrum. The solution of Eq. (26)
gives complex quantized eigenenergy and eigenstates as
En = ω(1 + i)
√
|n|, (28)
φn(x) = Hn(βx)e
−|β|2x2/2, (29)
where n is real integer. (normalization is set to 1 for sim-
plicity). ω =
√
α0b0, and β =
√
− b0α0 . Hn are the Her-
mite polynomials with real (imaginary) argument for α0 and
b0 with opposite (same) sign (i.e. when β is real (imaginary)).
In the former case, we have fully localized eigenstates φn at
the domain walls.[48] Its evident that χn(x) = φn+1(x) with
eigenvalues En = ω(1 + i)
√|n+ 1|.. In other words, the
same En eigenstate of both oscillators correspond to n + 1
and n eigenstates of a harmonic oscillator for φ and χ excita-
tions.
2. Lattice model with open boundary condition
To verify the existence of harmonic oscillator like behavior
at the edge in a lattice mode, we consider a finite size lattice
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FIG. 3. (a) Energy (E) levels (normalized with ω) for finite lattice
model in Eq. (30). The results are plotted as a function of
√|n|
where n ∈ Z denotes discrete energy level, not a quantum number.
We set n = 0 for the zero energy modes. This notation is used to
highlight the fact that energy levels follow harmonic oscillator like
behavior at low energy [Eq. (28)]. Colormap denotes the distribution
of the energy levels in real space with blue to red color denote the
weight from sublattice at center to the end on a particular eigenstate.
For example, the zero-energy levels have red color, which means
these energy levels are sitting at the end of the chain, while high-
energy levels have blue color since they sit at the center of the chain.
Inset: We zoom out the low energy region to highlight that the en-
ergy levels (in unit of ω
√|n|) are indeed equi-spaced with integer n.
(b) The zero-energy states’ probability density |ψ|2 are plotted as a
function of lattice sites. It shows that the zero modes are localized
at the end of the chain (solid red line). The bulk state (higher energy
states) are however extended (blue dashed line), showing the absence
of the ‘skin-effect’ in our model.
with N atoms in each chain. Expressing Eq. (25) in a finite
lattice, we obtain
H = −1
2
N∑
n=1
[
b0Ψ
†
nσyΨn
−Ψ†n (α0σx − b1σy) Ψn+1
+ Ψ†n (α0σx + b1σy) Ψn−1. (30)
Here Ψn =(φn, χn)T on the nth site. We remind that the func-
tional form of the inter-chain tunneling bk+ = b0 + b1 cos k,
and SOC αk = α0 sin k. We numerically diagonalize the
above Hamiltonian for N = 100 lattice sites, and the results
are shown in Fig. 3.
In Fig. 3(a) we notice that that the lowest energy levels are
localized near the end of the 1D chains. Moreover, the low-
energy energy levels are equally spaced in units of ω
√|n|,
where ω is defined below Eq. (28), and n is integer (see in-
set in Fig. 3(a)). This validates the harmonic oscillator like
solutions obtained in the continuum limits in Eq. (28). The
higher-energy states deviate from this behavior. There are two
copies of states at each end which are for the two wires.
The red-to-blue colormap on the energy levels dictates that
the location of the corresponding eigenstates in real space. In
Fig. 3(b), we plot the probability density |ψ|2 for the lowest
energy (red solid line) and highest energy (blue dashed line)
eigenstates. We find that the low-energy states are indeed lo-
calized at the two ends of the chains. However, the bulk states
remain extended and follow Bloch wave nature, implying the
absence of skin-effect in the present Hamiltonian.
8For the case of topological ‘skin-effect’ in other NH
systems,[35–40] it was found that the both bulk and end states
become localized at the end of the lattice. Such an effect
arises from the special design of topological NH Hamiltonians
where the hopping along the right and left hand directions are
asymmetric.[35, 36] On the other hand, NH skin-effect does
not occur in various other 1D models with balanced gain and
loss.[49–53] Kawabata et al also demonstrated various cases
where skin effect is prohibited by certain symmetries.[54]
Among the symmetries, PT symmetry of the bulk Hamilto-
nian plays a deciding role on the presence or absence of the
skin effect and non-Bloch wavefunction. For example, a topo-
logical skin-effect is obtained for NH Hamiltonian with SOC,
however, here the system does not respect PT symmetry in
the bulk.[55] In another PT symmetric NH Hamiltonian, it is
shown that skin-effect arises when the PT symmetry is bro-
ken in the bulk.[56] Skin-effect is also found to be absent on
a photonic PT symmetric crystal.[52]
The absence of skin-effect in our Hamiltonian is due to the
PT invariance of the bulk Hamiltonian which guarantees that
both the momentum and energy are conserved (real) for the
bulk states. This is the reason, the bulk states are described
by Bloch waves and remain extended. To understand it from
a different point of view, we recall that although the SOC is
asymmetric in a given chain, however, the SOC is reversed in
the two adjacent wires. Hence in the limit of when the inter-
wire tunneling is sufficiently large, the particles with finite
energy can hop between the wires, and become de-localized.
This is the reason, the ‘skin-effect’ is absent here even in the
topologically non-trivial phase.
V. CONCLUSIONS
Our work presented a number of important aspects of the
CPT invariant quantum theory and model realization. We
highlighted previously unexplored the dynamical nature of the
C operator, and its crucial role on the conservation of prob-
ability in time-dependent systems, and the theory of CPT
invariant gauge invariance and co-variance. The dynami-
cal evolution of the C operator not only ensures probability
conservations, but also contributes a new term to the Berry
phase. We proposed a method of bypassing the hurdle of
T 2 = −1 symmetry associated with spin-1/2 fermions to ob-
tain the (PT )2 = +1 symmetry for NH Hamiltonians with
real eigenvalues. We discussed how the incorporation of bal-
anced gain/loss in the existing technology of engineering SOC
in optical lattice can generate the required NH SOC to realize
our setup. We also found that the proposed spinfull Hamilto-
nian possess non-Abelian topological states and harmonic os-
cillator like localized boundary states despite complex eigen-
values. Our work contributes to the development of complete
CPT -invariant theory for dynamical systems, the evolution of
geometric phase for spinfull systems, and sets up a pathway
to achieve non-Abelian excitations without applied magnetic
field or interactions.
Appendix A: Eigenspectrum algebra of the Hamiltonian
The full Hamiltonian is
Hk =

k iαk bk↑ 0
iαk k 0 bk↓
b∗k↑ 0 k −iαk
0 b∗k↓ −iαk k
 . (A1)
The eigenvectors in terms of the dispersion spectrum are:
ψ1,3 =
i√
2(d2+ − α2)
 α±d+±α
d+
 ,
ψ2,4 =
1√
2(d2− − α2)
 α±d−±α
b−
 . (A2)
(k dependence is implicit above). Here we denote bk± =
(bk↑ ± bk↓)/2, and bk‖ =
√
b2k+ − α2k, and dk± = bk+ ±
bk‖. We next define a polar coordinate with complex an-
gle as bk+ = bk‖ cosh θk, and αk = bk‖ sinh θk. θk =
tanh
(
αk
bk+
)
. We notice an interesting feature of the angle θk
here. The PT -symmetric region is defined by αk/bk+ ≤ 1
rending θk → ∞ at the PT -symmetric boundary. θk = pi at
αk/bk+ = tanh(pi) = 0.996272 (a transcendental number),
slightly below the PT symmetric boundary.
In this polar coordinate of (bk‖, θk), we have dk,+ =
2bk‖ cosh
2 θk/2, and dk,− = 2bk‖ sinh
2 θk/2. This
gives
√
d2k+ − α2k = 2bk‖ cosh θk/2, and
√
d2k− − α2k =
2bk‖ sinh θk/2. Substituting these identities in Eq. (A2) we
obtain the final expressions for the eigenstates in terms of the
the angle θk only as:
ψ1,3 =
1√
2

sinh θ2
±i cosh θ2
± sinh θ2
−i cosh θ2
 , ψ2,4 = 1√2

−i cosh θ2
± sinh θ2
∓i cosh θ2
− sinh θ2
 .(A3)
For the operator PT = (τ0 ⊗ σz)K where K is the complex
conjugation operator, we find (PT ψn) = (ψn)∗ for all all
eigenstates n. The PT inner products are 〈ψm|PT |ψn〉 =
(PT ψm)Tψn = (−1)nδmn. The C operator is defined ac-
cordingly as C = ∑n |ψn〉〈PT ψn| = (τ0 ⊗ σz) cosh θk +
i(τy ⊗ σy) sinh θk. With this C operator we obtain the
CPT -invariant quantum theory: 〈ψm|CPT |ψn〉 = δmn, and∑
n |ψn〉〈CPT ψn| = I.
It is interesting to identify a crucial correspondence be-
tween the ψ1,3 and ψ2,4 eigenstates: ∂kψ1,3 = i∂kθk2 ψ2,4,
and ∂kψ2,4 = i∂kθk2 ψ1,3. This correspondence guarantees the
existence of non-Abelian Berry gauge field AI1,2 = AI3,4 =
∂kθk
2 . The Berry connection is a real, symmetric matrix in thePT symmetric region.
9Appendix B: Edge state calculations
The bulk-boundary correspondence for the PT -symmetric
NH topological insulators is not as concrete as in the Hermi-
tian case, and relies on systems under consideration as well as
the symmetry invariance. This is quite evident because of the
fact that the real eigenvalues, and conserved eigenstates in the
bulk are protected by the PT -symmetry (or rather the CPT
symmetry), whereas such a symmetry may be inevitably lost
at the boundary even if the system resides in the same parame-
ter regime. Such a case also occurs in the present Hamiltonian.
For the discussion of the boundary state, a suitable choice of
basis is obtained to be as follows.
φk± =
1
2
(
ψRk↑ + iψ
R
k↓
)± 1
2
(
ψLk↑ − iψLk↓
)
,
χk± =
1
2
(
iψRk↑ + ψ
R
k↓
)± 1
2
(
iψLk↑ − ψLk↓
)
. (B1)
With a suitable choice of the spinor from the φk± and χk±
fermions as ΦTk = (φk+, χk+, χk−, φk−), we construct the
rotation matrix as
U =
1
2
 1 i 1 −ii 1 i −1i 1 −i 1
1 i −1 1
 . (B2)
This rotation to the Hamiltonian in Eq. (A1) yields a simpler
block diagonal form
H ′ = I+ b−(τz ⊗ σ0)
+
 0 ib+ + iα 0 0−ib+ + iα 0 00 0 0 ib+ + iα
0 0 −ib+ + iα 0
 .(B3)
(k dependence in all terms above is implicit.) As in the main
text, we set k = 0, and bk,− = 0 since these two terms do
not contribute to the eigenstates. Hence we have a rotated
Hamiltonian which is completely block diagonal defined by
the last term of Eq. (B3). Again since, the block diagonal
terms are exactly the same, we can seek for solution of a 2×2
Schro¨dinger equation of the form:(
0 ibk+ + iαk
−ibk+ + iαk 0
)(
φk
χk
)
= Ek
(
φk
χk
)
(B4)
(we dropped the subscript ± in the states since the solutions
are same for both). In the bulk this gives the required bands
Ek± = ±
√
(bk+)2 − α2k as obtained in the main text. Here
we seek for solution with the open boundary conditions. In the
long-wavelength limit, the SOC term gives αk → iα0∂/∂x
(we set ~ = 1) and bk+ gives the domain wall potential as
b0x. α0 and b0 are real constant parameters. This yields the
coupled equation of motion as(
α0
∂
∂x
+ ib0x
)
φ(x) = Eχ(x), (B5)(
α0
∂
∂x
− ib0x
)
χ(x) = Eφ(x). (B6)
Since PT is broken here, the energy is complex. At the ex-
ceptional point where E = 0, we get φ(x)→ e∓ib0/α0x2 and
χ(x) → e±ib0/α0x2 , indicating that there are extended solu-
tions at zero-energy. However, as we decouple Eqs. (B5), and
(B6), we find a series of Harmonic oscillator like solutions
(shifted by a constant energy):(
α20
∂2
∂x2
+ b20x
2
)
φ(x) =
(
E2 + iα0b0
)
φ(x), (B7)(
α20
∂2
∂x2
+ b20x
2
)
χ(x) =
(
E2 − iα0b0
)
χ(x). (B8)
We substitute α2 = −1/2m, and b20 = k/2, where m and k
are to be thought of as mass and spring constant (with suitable
dimension adjustment), respectively. We also substitute E2 +
iα0b0 = λ
2. Then the connection to the Harmonic oscillator
becomes vivid. Following the same quantization condition of
a quantum Harmonic oscillator we have λ2 = (n + 12 )
√
k
m ,
where n is real integer. This gives the solutions of Eq. (B7) as
complex quantized energy
En = ω(1 + i)
√
n, (B9)
φn(x) = AHn(βx)e
−|β|2x2/2. (B10)
ω =
√
α0b0, and β =
√
− b0α0 . A is the normalization con-
stant. For α0 and b0 with opposite sign, we have perfectly
localized solutions for both φn and χn states at the domain
walls.
Its evident that χn(x) states are same as φn(x) with corre-
sponding eigenvalues as
En = ω(1 + i)
√
n+ 1. (B11)
In other words, the En eigenstates of both oscillators corre-
spond to n and n+ 1 states of a harmonic oscillator for φ and
χ excitations.
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